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Abstract
This is a theoretical overview of some of the salient quantitative models commonly used in the elucidation
of aspects of fish population dynamics. Growth, mortality and yield per recruit models are examined and
some of their shortcomings are highlighted. This will help unwary potential users of these models to be
conscious of the limitations of these quantitative tools, which are commonly used in elucidating the changes
in tropical fish populations.
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1.0 Introduction

The dynamics ( = changes) in fish stocks or populations are consequences of two groups of factors with
opposing effects. One group of factors (growth, recruitment and immigration) results in the increase in
stock or population size of the fish while the other group of factors (mortality, emigration) leads to a
decrease in stock or population size. An extant (=living) population is a result of the difference between
these two sets of factors. Granted the behavior of the population in question approximates that of a close
system where there is no migration, or where there exists a state of dynamic equilibrium in which emigration
balances out immigration; then an increasing population will result when the combined effect of growth and
recruitment exceeds that of mortality. Equally, a declining population ensues when the effect of mortality
exceeds that of growth and recruitment. The elucidation of quantitative fish population dynamics is
fulcrummed, among other things, on the understanding of the interplay of these factors.

The aim of this article is to give a conspectus overview of some of the widely used quantitative models in
fish population dynamics studies in the tropical environment, and to point out the restrictive assumptions on
which some of them are based, and highlight the shortcomings of some of them.

2.0 Growth

Growth of a fish (or any other organism) is an increase in the size (weight, length or volume) of the fish with
time. There exist many models (equations) for use in the quantification of growth.  Gompertz, logistic,
Kruger, Raifail, von Bertalanffy models are some of the many models used in quantifying growth in fish
populations.  Of all these, the von Bertalanffy growth model is the most widely used.  In its original form
(von Bertalanffy, 1938) as rearranged by Ricker (1975) the von Bertalanffy growth function (VBGF)
takes the form.

L
t
  =  L(1 – e-k(t – to)) ...(1)

where L
t
  =  length of the fish at time t, L =  asymptotic size  (the largest mean size that the species could

reach in its habitat given the ecological peculiarities of that habitat), K is a growth coefficient, which is an
indicator of the speed with which the fish grows towards its asymptotic age.  K is also known as the
curvature parameter because it is in a sense a measure of curvature.  There is an inverse (though not linear)
relationship between K and L. A large curvative relates to a small L in about the same way that one
would have to bend a wire more sharply to make a small loop than make a large one (Knight, 1968), t

o
 is
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the time when the fish length was zero. This parameter (t
o
) has no biological meaning as it is difficult to

know exactly when the fish length was zero. Was the length zero cm as the sperm, ova, fertilized egg or
hatching? However, t

o
 is mathematically useful in helping us in the location of the starting point of the

growth curve on the abscissa; hence, it is also called the location parameter.  The VBGF in terms of weight
takes the form

W
t
 = W (1 – e-k (t-to)3) …(2)

THE VBGF is the most widely used growth model in fish population dynamics studies because of many
reasons.  The derivation of the equation is base on physiological and biochemical principles, the parameters
of the equation have biological meaning and are easy to understand.  The equation itself can be incorporated
into yield models.  (In this age of microcomputer, any equation could be incorporated into any model, so
this is no longer an overriding reason). The VBGF is widely used and has been incorporated into many
fisheries computer software programmes e.g. ELEFAN, MULTIFAN, LFSA, FiSAT etc. Fish being a
poikilothermic animal, its physiology including growth is remarkably influenced by environmental and climatic
factors.  This is particularly so in temperate areas where there is marked seasonality. During periods when
environmental temperature is low, supply of natural food is poor and the fish grows slowly. In other periods,
the environment temperature is high, food supply is abundant and the fish grows faster. Thus, there is
marked seasonal oscillation in growth which is controlled by climatic (e.g. temperature) and environmental
(e.g. food availability) factors.

One of the major shortcomings of the original VBGF (Equation 1 and 2) is that it does not take the effect
of season into consideration. There have been various efforts to seasonalise the VBGF. The first person
was by Ursin (1963) who proposed a VBGF that accounts for seasonal growth oscillations. Other attempts
were made by Pitcher and MacDonald (1973), then Daget and Ecoutin (1976). After, several authors
(notably Cloern and Nicholas 1978, Antoine et al 1979, Pauly and Gaschutz 1979, Hoenig and Chaudary
Hanumara 1982, Sega 1984, Appledoorn 1987, Moreau 1987, Somers 1988, Soriano and Jarre 1988,
Soriano and Pauly 1989, Chandary Hanumara and Hoenig 1980, Gaschutz et al 1990 have proferred
modifications or methods of fitting them to data.

The model put forward by Pauly and Gaschutz (1979) and later modified by Somers (1988) takes the
form

L
t
 = L (1-exp(-K(t-t

0
)+(CK/2)sin(2 (t-t

s
)-(CK/2)sin(2 (t

0
-t

s
)) …(3)

Where C is the amplitude of growth oscilations, t
s
 is the time between  birth and the commencement of the

first oscillations. Equation (3) reverts to the original VBGF (equation 1) If C = 0, i.e. if the effect of
changing season on growth is ignored. If C = 0, then growth is completely halted at a certain period of the
year.

Seasonalisation of growth models (as in Equation 3) was borne out of the knowledge that models that do
not explicitly account for seasonal variation will not yield bias-freeparameters. To capture the effect of
seasonal variation, Equation (3) incorporates since wave functions into the original VBGF.

2.1 A critique of the VBGF

Although the VBGF is the most widely accepted and used of all growth models, it is also the most criticized
(or even vilified). Knight (1968) derided the model as basically nothing but “nonsense disguised as
mathematics”. Roff (1980) was vehement in his suggestion that its use should be discontinued. The expression
e-k(t-t

0
) in the VBGF decreases as age t increases. This implies that annual length increment (dl/dt) should

decrease as the fish increases in age. Empirical studies do not support this for juveniles and other early life
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stages of fish. This explains the observed and well known fact that the fit of the VBGF to growth data of
young (and very old) fish is usually poor.  L(or W) cannot be observed in nature.  Consequently, Knight
(1968, 1969) opined that asymptotic size is nothing but a summary statistics or at worse an outright
nonsense. The derivation of the VBGF is based on some false physiological assumptions e.g. that catabolism
is proportional to the weight of fish.  Raifal (1971) has drawn attention to the fact that empirical models of
Winberg (1962) and Ivlev (1961) do not lend credence to this kind of assumption.  In deriving the original
VBGF, one assumption was that the weight (W) of fish is related to its length (L) by the power function  W
=  aL3.  In actual cases, the exponent is not always 3, hence VBGF is premised on a false assumption.  To
make for this, Pauly (1979, 1981) has proposed a VBGF whose exponent may be allowed to take on
value other than 3.

3.0 Mortality

Mortality rate is essentially a population attribute in the sense that one cannot talk of mortality rate of an
individual.  One talks of mortality rate only with respect to a population.  An individual is either dead or
alive, but a whole or part of a population could die.  We study mortality (= death) rate in fish populations
because barring emigration, it is the most important, and the only factor that leads to decline in population.

Fish population dynamics scientists do not use percentage mortality in quantifying deaths in fish population
because as explained by Etim (2001) percentage mortality is cumbersome to handle mathematically as (a)
it can not be compared directly, (b) are neither additive, (c) nor distributed normally.  This last point implies
that since mostinferential statistical algorithms (e.g. ANOVA, ANCOVA, etc.) are premised on the
assumption of normality of distribution of the sample, then percentage mortality which are not normally
distributed cannot be directly subjected to such statistical analysis.  Consequently, fish population dynamics
scientists prefer using instantaneous rates in quantifying population mortality.

In a broad sense, two types of instantaneous rates of mortality are recognized: (a) Instantaneous rates of
natural mortality (M), which quantifies all the deaths due to natural factors like diseases, famine predation,
cannibalism, senescence, etc, (b) Instantaneous rates of fishing mortality (F), which is an indicator of death
caused by man’s fishing activity. Actually man’s fishing activity can be viewed as a special case of predation.
Because M and F are additive, the following relationship holds: M+F = Z, where Z is the instantaneous
rate of total mortality.

In computing for Z (using for e.g. the catch curve procedure), it is assumed that the population exhibits a
steady state condition i.e. there is no migration in or out of the population, or if it exists that emigration
exactly balances out immigration. In such a case, after a small time interval (dt) the population number will
decrease because of the death of some individual. We also assume that this time interval dt is so small that
there is no births. Naturally, if the number N is small, the number dN that die will also be small. Conversely,
if the number N is large, then the number dN that die will be large. Thus, the number that dies is dependent
on or proportional to the population number. This last statement could be written mathematically thus:

dN/dt -N
t

 … (4)
and

dN/dt = -Z N
t

…(5)

where Z is a constant. If dt is actually small, equation (5) is mathematically equivalent to
N

t
 = N

0
 e-zt   … (6)

where N
0
 is the initial population number

Physicists, chemists, etc who study decays in natural systems (e.g. radioactive decays) and population
ecologists who study declines in ecosystem components are familiar with equation (6). In systems analysis,

Theoretical Overview and Limitations of Some...                          73



it is used in quantifying decay (decline, decrease, death, etc) in natural systems e.g living populations, etc.
In fisheries studies, the equation is often referred to as the single negative exponential mortality model. It is
widely used in elucidating the total mortality Z for any fish population.

3.1 Critique of the model

This model is widely used in fish population dynamics and ecological studies. In its practical application
there seems to be no comparable alternative model. As opposed to % M (percentage mortality), which is
easy to understand, Z is a theoretical and abstract concept that is often hard for learners (e.g. students, fish
farmers, etc) to comprehend. The derivation of the model is premised on assumptions that may have no
place in reality, for e.g. that the population is close with no migration in or out of it. This is hardly possible
say in an open ocean or sea. The assumption of a condition with no reproduction is not also tenable in
reality. Where length-based methods are used (see Pauly and Morgan 1987), pooling the entire monthly
length frequency data together would serve to simulate a steady state condition, which in turn will lead to
a bias-free estimate of Z. The efficacy of this process in leading to a bias-free parameter estimation is hard
to measure since the real or true value of Z was never known in the first instance. The “single” value of Z
for all size and age classes is not true. In reality, juvenile mortality is often far higher than adult mortality.

4.0 Fishing and Natural Mortality Rates

Given the relationship F+M = Z, it is straight forward decomposing Z into F and M. M is useful as input
data in computing sustainable yield levels, and there are several methods for computing M (see Etim
2001).

Pauly (1980) put forward a multiple regression model for the estimation of M. This model is based on life
history of the species in the sense that it required life history parameters and ambient surface water
temperature (T) as input data in its derivation.

For length growth Pauly’s (1980) model takes the form.
Log M = 0.0066 – 0.279 log L + 0.6543 Log K + 0.4634 log T   … (7)

and for weight growth
Log M = 0.2107-0.0824 Log W + 0.6757 log K + 0.4627 log T   . .. (8)

Pauly (1980) derived these models using data obtained from 175 different fish stocks which covered 84
different species in both fresh and marine environments that spanned from polar to tropical environments.
The model, which turn out to be very widely accepted have been incorporated into many fisheries computer
software programme e.g. ELEFAN, FISAT, etc and has been the preferred model in the different FAO/
DANIDA/ICLARM training courses in different parts of the world. The applicability of the model does
not cover crustaceans and mollusc because the data used in the derivation of the model did not include
these taxa. The model gives bias-free results only when total lengths are used (not fork length or standard
lengths). Many of the mean surface annual temperature used were approximations read from world climate
atlas and oceanographic charts. This is a source of concern to many people. Many of the M values used
were “observations” of questionable accuracy (Sparre and Vennema 1984). The model however has
unfair advantage in the sense that the predicted values in most cases were the same as those used in
estimating the coefficients. Pauly (1980) acknowledges that the model underestimates M for polar fishes
and overestimates M for shoaling clupeid fishes. To make for this, Pauly (1980) suggested that a correction
factor of 1.3 be used for polar fishes while 0.8 should be applied to clupeid fishes. Real environmental
temperatures of sub zero below -20C should be converted to their physiological equivalents as proposed
in Pauly (1980) and are adjusted internally and automatically in FiSAT (Gayanilo et al 1996).
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Equations (7) and (8) provide reasonable estimates of M for fish, and perhaps squids and shrimps, but not
for bivalves for which a better estimate of M could be obtained as an approximation of K.

This model was invented by Pauly as part of his PhD work. Of the seven reviewers who read the work
only one recommended that it should be published. Eventually, the paper was published because the editor
used his discretion and attached more weight to the lone reviewer. Based on citation counts from the
Institute of Scientific Information (New York), this paper has turned out to be the most widely cited work
in fisheries in recent times.

5.0 Yield Predictions

Assessing the sustainable level of a fishery implies ability to predict future yields and biomass at different
effort levels. There are two models for predicting yields in a fishery: The Thompson and Bell (1934) and
the Beverton and Holt (1957) models. The Thompson and Bell model involves very complex mathematical
computation, consequently it was not widely used especially in the tropics until the introduction of computers.
The Beverton and Holt model (1957) is less data demanding and is to a large extent, mathematically
speaking, a special application of the Thompson and Bell model. Within this context, conclusions derived
from the Beverton and Holt model also holds true for the Thompson and Bell model. The Beverton and
Holt model is more widely used in the tropic as a consequence of its less mathematical complexity. The
derivation of the Beverton and Holt (1957) model is based on some rigorous assumptions (Sparre and
Venema 1992): (a) recruitment to the fishery is constant, (b) all fish of a given cohort are coeval e.g
hatched on the same date, (c) recruitment into the fishery and selection by the gear are “knife-edged” i.e.
there is a theoretical threshold length above which the fish are recruited and subsequently selected by the
gear, and  below which the fish is not recruited and selected, (d) fishing mortality and natural mortality are
constant throughout the period from recruitment till the fish is captured, (e) all components of the stock is
well mixed, (f) and the length weight relationship takes the form W = aLb where b will always be equal to
3. Given these assumptions, Beverton and Holt (1957) derived their model that takes the form:

Y’/R = EU M/K   {1 - [ (3U)/(1+m) + [(3U2)/(1+2m)] – [(U3)/(1+3m)]}    …(9)
Where U = 1-(Lc/L) = the fraction of growth to be completed after entry into the exploitation phase, m
= K/Z and E = F/Z = the exploitation rate. The biomass per recruit model takes the form

B’/R = (Y’/R)/F            …..(10)
By solving for the first derivation of the Beverton and Holt biomass per recruit model, E

max
 (the exploitation

rate that produces maximum yield), E
0.1

 (The exploitation rate at which the marginal increase of relative
yield per recruit is 0.1 of its original value at E = 0 i.e. virgin stock) and E

0.5
 (the value of E under which the

stock has been reduced to 50% of its unexploited biomass) could be estimated.

One of the assumptions of the Beverton and Holt model is that recruitment and selection is knife-edge.
Pauly and Soraino (1986) has proposed a modification of this model that allows for a relaxation of this
assumption viz that the probability of capturing a fish is proportional to its length. This takes the form.

(B’/R)
i
 = (I-E)(A/B) …(11)

where
A = {1 – [(3U)/(1+m)]+[(3U2)/(1+2m)] – [(U3)/(1+3m)]}

and
B = {1 - {[(3U)/(1+m’)]+[(3U2)/(1+2m’)]-[(U3)/(1+3m’)]

here m’ = 1/(M/K) = m(I-E).

The yield per recruit and biomass per recruit quantity estimated by the Beverton and Holt model are in
abstract dimensions. Conceptualizing the usefulness or ecological value of a quantity with abstract dimension
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posses a lot of problem to the student of fisheries population dynamics and the young fisheries manager.
However, it is easy to learn that if the computed current exploitation rate (=F/Z) exceeds the predicted
value E

max
 obtained from the model, then the stock is over exploited. In such cases, management procedures

(e.g. decreasing the effort, increasing mesh size, reducing total catch, closing a season, etc) should be put
in place. But what value of E

max
 should lead to what percentage reduction in effort? This is an intractable

problem.
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